
m a y  be anal y ’.ed by the  same Icehiri quc , w i t h

(5 . 65)  Mt A ~ (A S) k 4 1  T ( A ) u . >< v .
5=1and

(5 .66)  
- 

~T ( A ) y  — ( A S ) ~~~
1T ( A ) y

As ~ T ( A ) l l  < 1/ ( 1 —  II A s h ) ,  and for

( 5 . 6 7 )  Ar = A ~ u . >< v .

- 5= 1 ~ -

one has

(5.68) II Mt < ]L~~i 1_  fl Ar J J .  H A T ( A ) y j j  < f l y  I )
— 

1— 1 1  As H i — h A sH
w t t h  -

( 5 . 6 9)  H ~‘H ~ I ~l II ~ - II l i v . 11
5=1 ~

fro m ( 5 . 6 7 ) .

Another  anal yt  ic ;ip~ ru ; ch t - t in e ap p r o x im at e  so) ut ict n of (4 - 5) tIn e) 1 a lso  vi  c~I I - ~

er -ror )~aunds is to  ro lve  (5.6 1 ) by i t e r c u t i o r i , as- 
~ 

A~~) - ) S h l  < 1 (2 9 ) .

6. ‘Pt - t i n ~ t t l ir -  cci ; c’ ci: ’] c t c - ; i r - r i 1  i - r e d  ) t ; ’ r - r c e s - .  At t e nt i on  w i l l  rics -- he devot ed to

l i ne a r  pr ou i l i - : - :-  t - i c i ~~~n a r e  i )  l—psr .od  I i  c~~u - c- t he  l i r c - e - i  cy at or  i n v o l ved locs- n o t

have a 1 .oru t  ~ -d S nv - r - -c. . A s- tic- c o t s  t i o r; : ;  , S f any , of i l l  ~~~Os- c-Ci ~~ eit l L -rac do not  ic- —

pcnd c’s the  d~~t - n in  a i c it  i m r -j un fcrs l r  I on , it might . lie expi-c -t  cd i n  t i i c .  c c i  t e at  I~ -n the-

anal y t  I c  pert  u n -I - -c t i e ;  ic - t I e d : ;  w i l l  be 0 l i t t l e  tit  i)  j t y ,  or car) be .cpp ) id 05l~ undc

~‘c- y c ;- t  ic -  ( i vy  -o :ir3 i t ion s- . For cxcrmp ) e , t ic-re is an i ur i c - re n t .  ii n i t  a ti  on as to how

well an opcret r B c L (X ,Y) without a continuola; in v er s e  cart  be ‘~ roxicstt .ed by an

operator it bc-lorrgincj to the class-  C L (X , Y) of oper a tors w i t h  con t i ne-~~us- in-

verse s C L ( Y. X ) . From Thc’oi-crr 5.1 ,

(6 . 1)  II ~ 
- itt! II Mil 

~- liit~ II
ot)e--n-’iSc - , tic- assum pt i on that. B 

~

‘ 2 would be contradicted. Also , from ( 6 . 1 ) ,

( 6 . 2 )  ii it ’H >~ —~~-— —~~ -—
,

— 1) 13— it)) II Ml!
so that H A 111 and t)rc approxinvr t:c condit:ion number

(6 .3) k (It) 
-

> .IL~]L > iL~JL - 1
ii ttitll II tt.rtil

gow without lim it arc II 1~i~~ ~ 0. Clearly, coarputational difficulties can b~ expec—

pcctc -d S n  the c a lculation of It 1 or in the solut ion of the l inear  equation ( 1.1) if

it is very cl ose in  the an a l y t i c  sense to an oper ator B which does not have a con—

tit uuouit Snv er r- o.

=2).— 
- 

- 
-

I 
__________________________ 

____________________________ 
_______________________________________________________________ ________



- Thecn c’m 6 . l .  j f  {i t )  C is  any sequel-Ice of I inc -ar op er a t o r ; -  such t h at

J i m  h i t — B  ~ 0 , then ~ f’ ~ 
if and onl y i f  ((‘ . 2) holds f o r  each It it , n

3, 2 

l i o of :  II 13 f ~ 
, then it has - a~ ready been shown t ira t. (6 .  2) holds for ee-~- li it -

To show the contvc -rse , s-up~vrs -e t h ~ t }~ ( 
~ , and choose n s t i f f S  ci c-oily I :u r-qc ’ c O

ii Mt H = 

~hI i t — ~ Ii < 1/ 2 ~ }3 1 H . It t ) r&ciu  fol l ows  fm -on ( 5 .  2) t hat

( 6 . 4)  H ~~~~~~~~~~~~~~~~~~~ - - < 1T~~~~~ 1T
— 1 ~_ i 1 M H - H  i~ ~

, A
n Il

a Conr t  c u d i c t i  on of (6 . 2 )  whi cit proves- tho t h n c - o r c m n .  QED

its ev ident  dt - -i- .-]-ecrk of a na : t yt i c  p e rt ur -ba t i . on  t heory is  that , in genera)  , so

conc lusions-  c-an he dra t ~’n from ~the  e x i s t  ence of ~ C L ( V ,X ) about the i m m v e r t  l i - i  l i t’.

or n e - n i  nnvei - t - ib i  i i  ty of any opela t or B for whi cit i ne cj u a l i ty  (6. 1) holds .  The alge-

b r a i c  t heory ,  on t h e  ot her Ire -nc ], t c t  e - t ( ; s that  i f  Ii is the f i n i t e  r an k nodS L i  c -a t  ion

(5 .4 7)  of aru  i n ve r t  i b le  l in e a r  op~ r a t o r it C ~~~~, then 13 1 ex i s t s  i I and o n l y  ~~‘

( 6 . 5 )  
- 6 ~

- dc-t (6 . - + < vj t  1
u . > ) / 0

1 3
Of c:ou se , one ~ccu]d st i l l  c - r i - ’ ct c n c ) n r t — : t orral d i f f i c u l t y  i f  B ir ; n e a r l y  s - i : - - : c ] :n t

et~~~c i c i l y  i f  t h ( -  i ~~~ - - odo -t  < ~~~~~~~ ~~~~~~ > , i , 5 1 2 , - . n , 
~~~~~~~ ~~~~~~ v

ca l c u l a t e d  ;~ - c u  ot-*;uat e l y .

Time c u l  C~~~ i 3  a i c ; cpi u ‘cci c l  so r av i  dc-s I ,  fe . ion in ( i ce  si 11c c : )  ci- c a — c -  - ~ c

ing t hot  6 0, cc- au c i-r  1:},c t r z - n - - -pce-ed ho:nogencou;; c-quat ion

( 6 . 6 )  t (  It I u . >< v .)  (I

* 
i—i

for t c X . U sing  t ine t c-clnnid lue of !5b , t i l t -  i s -  equival  c-nt to t h e  f i n S  ‘. e 11 sear

al gc-b raic system

(6.7) T . + 
~~~~~~~~~~~ 

= 0 , j

for T . ~~ < t , u . > . The sy st em of cquot io rr s  ( ( ‘ .7 )  is- the t rans-p osed )lcuc og :lcetms
3 J

syst (:m corresponding to (5 . 4 4 )  . If 6 0 , then  ( 6 . 7)  has d l inear ly  iurdepencient

!;olut ions
(6.8) 10c) 

= ~~~~~~~~~~~~~~~~~~~~~~~~ k

and , corresponding to  these , equa t ion  (6 .6)  al so has d linearl y indepen dent solu—

t ioiis

(6.~i) : )
~ 

-r~~ v . it
1 ~ .r (k) c~.1=1 i=1

k 1 , ? , . . .  , d . Li1~c~wir c~, the homogeneous syster-c

(6.10) 4 ) C~~i~ 0 , i
5=1



has d - I i  nh-a r )  y S i~ l~-i -.- n n d c n  t s-el itt I e r rs
( 6 . 1 ) )  

- 

1 (k) ( E ~~ ’~ ,~~~k) 
- - 

~~~~~ 
)~ ; k ~

- 1 , 2 , .  - .

f r o m  ~-hich a r e  obte-i m a d  the  con respond i r ig I i  n e a r )  y inrdepc ’mucl cnt sol tn t  ionS - 

-

(6.12) w~~~ = ) ~~
( k ) ,~

_ ]
~~ — ~~

~ ~
k 1 ,2 , . . , d , of the  hosrogcn~— nuc ~ c- qu it .1 on

n
( 6 . 13 )  (it + u . >< v . ) w  0

5 - 1  ~ 3

Rep csc n r t i m n q  t i u c  r i g h t — i r e - n d  si It - : of the s-yc ;tem (5 .  4 4 )  as t Sc- vect ol-

(6 . 14)  
1’~~2 ’~~~~ ’~~n~

” = (<v it i
~~~,< v it l.,> , .. . ,< v A l u~~)~

it. i s  seen im m ed i at e l y  t ha t  t i n e  cc - su i t  io n s, fo r  t i n e  c :olval ’j  l i t  v of t i r e  f i n i t o  I

qencouc; syu~ cur (5 .  4 -
~ 

) and t ic -  - q u i  vau nt imn ) r o naogen -orrs equ ;r t  ion (7 .  ?~ ) f o r  tic ’ case

~~~~~0 a r c

(6. 15) ~~~~~~~~~ = <  ~~~~~~~~~~~~~~~~~~~~~~~~~~ = < ~°~~,Z> 0

k 1, 2 , .  — - , d tha t  is , z mu s t  i ;e o t t  i o;; ne - i  t ’ ’  a l l  ;~o l u n t i c e - c -  ~t t h e  Lt :- :; :c ou~

equ a t ion  (6 .6 ) . If (6 . 15 )  ) , 1 :  f i n  d , t i - o r  t I e  ycn~-r c 2  ~-~- J n f  1 ’: ; of  ( 2 . 3 )  : :y I -

w n it t -nn as
d 

- 

-

( 6 . 16 )  ~ )
where  w i s  c-o:: cj pci ( i c - r c l e - r  ~ - ‘ ? r i  ion of (2 . 3 ) , ~mnd t i r e  c- os .j ) 1 c c: . : - i ; f ~i u ; . t - - - f  c- c s

(I
( 6 . 1 7 )  

- 

= ~~(o
3 l (1

7~~~
. = 

-

s a t i s f y  the luo :rocjeneons e q uat i on  (1- . 13) for a r b i tr ary u
11 e~~, . . - , (r~ -

Usua l l y ,  i nu ac t  se-I  cornput~u t 1 onal eel ut i  on of I i  nc ’ar - equat ions - , t im e  di  st i  tic t ion

between the s- i  n r q t r L n r  e - r r d  no unS  mu ~r r l a r  ce-sc-s i s iro t: an c i t - a r — c u t  as i n  t i r e  al te i-nat iv- :  -

U. I a )  or the Fredho ]ru t i e - o r y .  I n n  p rac t1ca- , an ob ject ive  or subject  ive  s t e -n~d e - i d  is

set for what . c o nst i t u t e; ;  an “ cuec~ -~~t nmb 1e ” ( a pp r o x i m a te)  so lut i on , and one of the fol-

lowing s ituat S ens- is ohri c’rved :

(i)  Arm acceptal)) c- sol utc i Or) S s obte- S nc -c],

(6.18) 
ii either no solut ion at. a l l  is found , or t h e  computed

1. solution is unacceptable ..

In the co r n j ’u t a t - i on a l) tj  si~~~ r 1ar case (G.lCii), the icrethod used to solve (1.1) or

invert it stay break down because it doe-s- not have ~i bounded mnver - se , or is anal yti-

cally close to an operator B 
~~ 

p . On the other h and , the alg ori thm cmployed nay

ac tu al ly  be try ing to solve the system ( 5 . 4 4)  w i t h  6 0 antI wi t h o u t  (6 . 15)  ho ldin t i

to the de s i re d  degree of accuracy . This- will be called an al gebraic cat a.st rc’pjrc’ of

tsjpc~ I . In tire second situation dcsc-ribc-d in ((. .l$i i) the accept able p ar t i cul ar

23



s-o]u t  ion is’ 7~~)’ be cost a n m n i n r a t e d  by a conr~p) c - m t - r u t  .-t ry  Vc -Ct01  (6 . 17) to t i r e ex t  e n d  t h a t

the ~-csul t ing so) ~ut j~~m~ Sn tmacCCl)t cu b i c - .  This -  :~.?qrb 2v?Jc (~Qt e- c; I ,oj ’S ’ of  t - i
~~j  -c- 1) c-air

occur in t i r e  nume -e r i cal so lu t ion  of di f f c r - ent . i al 
- 
c-gnat  ioni c ; by t ime nc-ce of a l-pm o x i ; -  u t  no

d i ff o r e nc e  eqimat ions. For example , thc’ di f f c n c n c - c  equat ion

(6.19) 3u + Ru - 3u = 0
fl U ri n—i

with  the  i n i t ia l  cond i t ions

(6. 20) - = 1, u
1

has the bounded ico) ut. I orr s

(6 .2 1)  ( 1 ) fl 
, n = 0~ 1 , 2 , . .

wh i ch may icc t i re  ones considcred to be acceptable - Uowever , a s- I  i tj lnt .  j~ert tnm b e -~ i ca

- 1( 6 . 2 0 ) ,  such as rocm n cIincj  -
~~ to c ght decimal p lace s-,

( 6 . 2 2 )  w0 
= 1, w1 

0.33333333

gives the corr esponding so lu t i ons  w of 3w + 8w — 3w 0 as
n n+1 n m r — I

(6 .23)  (0 990t 19c 199 c-; ) ( 1 ) 1) -f (0. 00000000)) ( _ 3 ) 5

31 1 , 2 , . . . , and the  second tern on t:he r i  q h t .— l r a n d  s - i d e  of (6 . 23) wi 11 c-vcru t s.d l y

~-c r c-a.lc havoc ~ci th  t i r e  ~rc cur acy  of the  apnn - oxi  - - ci t  ion of u by w
fl I)

Its in d i c a t ed  in ~) b , i I the  o ;o-rator It is s in qu l  as - , t ic-n  a e u - n r c - r i c  1 :cc-I i : ‘~c r 5 -

of it hav .i sq c-er t a in ~mr ;e fu l  p m n ~e-r t i  c-c ; stay be souqirt , for  -xcsc;~1 c , to  y iv~
s o]u t u o n  of (L i)  i n  t i r e -  fô rnn  ( 1.4 )  if ( 1. 1)  is c-o n s - S s-t e n t .  /ts ( 1.5)  in ~~~c-at n , t i l L .

vector  x wi l l  be a p ar t i c s l a r  s-em !;1 on of (3 .1- ) fo i  any i mil l er  S r rVe rSc .~ ’ 0

A . An a) yc - i ) r a n  c pc -r t u r bzmt: i onr  r ;e-tho zi marcy be irs-ed to obt. cuir i I mimi c - i i n c v t -rs-c5: of  s- i  c u r t ]  ;
~

operators s-ci n ch have a Yrc ’cllno lm theory , under  the technica l . e-~~s- -t ;i r~’t ion t hat  t ic- sparL

Y is i cf ] e x i v c,  that  i s , Y = Y [38 , p . l~~2 3 .  Iii  th is  case , if

( 6 . 2 4)  U = {u , u , .  .. ,u~ ) C

is it set of l inear ly indc-pen cIent f t mn c t i on a l s  on ? , t h er m t ime ) !zr i ic - r — 1~anach t ic -cc -c-mn

g u a r a n t e e s  t ine.  ex i st cncc  of a set of d l i n e a r l y  independent  vector s- in V to s-drSc ~-

the Gram —f ~curn n i d t  o r thon orn nrm )  iza t i  on process (38 , p. 1163 may be app) icc], i f  n c - c - e s -—

sary , to obta in the set

(6.25) U tu~~,u
2 , . .  ., ud

) C y

for which
(6.26) < u1,u~ > ~ u ,u , > = 6 , .  , i , j  = 1 , 2 , . . .  ,ci

where 
‘
6 ij  ‘ again denotes- the }~ronc-c3~e.r delta . S i m il a rl y ,  g iven a set of l i near l y

inacpcndeflt vectors

(6.27) V (v
i
,v
2
,... ?vd

) C x , - -

a set of function-rls- 
-

* * * *
(6.26) V {v

1
,v
2
,.. .,v~) C x 

-
~~~~~ 

~~~~~~~ -— — “ f l - - - — - - - - - 



(‘~i r ~t 5 s- uch t inat  -

(6 .29) < v ., v . > 6 , . ,  i ,j  1 , 2 , . . .

wh e - t i n er  X i s - .  r e f j c xj v s  or no t .

Thcom c-m (c . ? .  ~ mmppose t h i t  A c i~ (x  , Y ) ) u~r s - ci }~reciho) n- i t i r eo ry ,  a m rd

(6.30) u A 1w — 0
t * * *if and only  i f u c s -j  - r n  { U

1 
, im

7 , - - - , C V and v C sj~~ ix1 t 
~ 1 ‘ ‘2 ’ ‘ . , V~~~) 

C X ,

the d ef t -c t d of It i t ;  p c s i t iv e . Then , for : u~ C U am i d v c V , 1 , 2 , . .  -

where LI and V arc  dc- f S m r L -d by t6 . 2 4 )  — ((- . 29) , t h e  op c r at  or

*
(6. 31) 13 it — ) U

)~ > < -

is i n v e r t ib l e , and

(6.32) - 

- 

1IB 1
A It

so th a t 1~ = 13 1 
is- an insci  i m r v e r s - c  of A -

Proof: To cd;c,;~ that  It is 3 r iven  i bI C , c on si der  t ine  icc- ; :. duJe m n - d - e - c- e c t t r rmt .  l o in  ~::

0 , wI n cit is- - ec n c valc-nt  to -

(6 33)  it?. = 
~ . < t~1;~~z

A c t h i s -  ( - : J s - r t  i -n icc c o i v u i l r i f  , c n 3  on ly  i f  t i r e  i i ; l i t - - i e - n r d  r ;r i d e  i s  ( l : ~~(3 t o
* * *

ii , u~~, - -  . , u i c - c a n s - c  It h - s  ii F r c c I i r o ] r z m  t h eo r y ,  i t  f o l i o - -c-- f t c - c  ( 6 . 7 6)  th ;-:t

( G . 3 ~~) 
d 

< > 0 , k 1, 2 , . .  . , d ,

and t ~; u :  I tz  = 0. T h i s -  uric -a ss t ) ~~ t z i c c  of the for r e- z (X~ v
1 

-1 (1
2

v~ -I- - . . +

wh et  Ic t ine -o e ff i  ci c - m i t t ;  arc- g iven  by (6.  34) , and h e - m I d - c  z 0 i s t i r e  t inS es-c

solut i on of tmm ~ ice o j c - l  - - cu : ;  - i s - - c t  c-n Bz 0, which  S n:tp l ies tire cxi  st € s-cc  of B

To prove (6 . 32) , note  t h a t  f ;o - - ( (p 79)  , ( 6 .  30) , and (6 .  31)
d 

*
(6.3’ ) lIv . — ) u V , v . > -~ — u , ,  i i ,~~~ , . . .

1: 1 1.

hence

( 6 . 36 )  ~~— 1 —v ~~, I:

and

(6.37 ) B~~A 111
(B - ‘ ) ar~ > <v ~~) I 

~ 
V
k~~

< 
~

‘k ‘

and (6. 32) fol lows di  i c- f ly f t o r t  (6 .  30) . QEI)

~ns-1 cad of (6.  36) , one could a) so use the re la t lom) s-h l 1) s
* —l *(~~.38) 13 -u.k k 1, 2 , . .  ., d ,

to es-tab ) t i l  (6 . 3 2 ) .  The o ; - ; - r r t t  or 13
_ l 

7t
’
~ obt a in r e d  fr on  (6 .  3 1)  is- c- a i l ed  f l u r m c - i tz

psctidoi~ti’et~ e of it 13 1 , jp . ) ( Y — 1 6 8 ;  1 1) ,  which qaccc ; back t o  19 1 2 .

By the same ecs- on i m ug  a--c aI.ov. - , any o; tcra t -or  of t ire fc ,rm

(6 .39)  (
~ 

- ~ > <

‘-25- -  

-

p - - - - - - -  --~~~~ — - 

-- - - -—---- ~~~~~~ - - - - -



fOr , 
-. . . , such t h at  

~~~~~~~~ 
, / 0 w I l l  bc- an inn er .invc -~~~e- of it . flaw —

ever , as t ire-sc oper a to rs  are i nyc- i- lu ) c’ , t lu cy cannot  r ;r~ t i r ;f y condi t ion ( 2 )  of ~ lb

which c-imaracterizcs outer imrverses~ cons - i-C lu e-nt ]  y ,  t he  con s-t  nc - f ion (( - . 30 )  , wh i l e -  use-

ful  for sonic pUn 1~~sct; , on ly  yl yes ci pa i l l  cml so) tn t  i ou  to t i r e pr -obl c-r n of f .i n d i  ng q c m r e r —

alized inverses.

Another  c-tat  t c-i of cenipu tat - S on:i 1 i m y s r t - l f l C C  ic-I  ;nt. cc ; to t ii ’ ’ cal c u n i  cut  i c - tm  of q~-n i c -  i- —

al ized i nve i-ses of PC r -tu r -b :ut -  i o t r e -  of ojx- r a t  c-ri ; s-c S t i m  };nownr q’ SL n ~n l  I zcci i r i v e r  s-es. ~tni -t—

pose , foi ex a r ip ic , t hat  one l ir e ;  air c f f h - i n- i t t ;  t CCh S S  (
~ tn . to ci d a in  t h e  ?,  i or c - P c m u r  os - c-

gen era l i zed  in~-c-r se of It 127)  , and t h e i r  woul d  l ike  t.o icc tire result to c-bt -m i ni

the general  i ned inve rt -es of p e r t ur b e d  opc ’;a tor s  13 A -i ItA w i t h  I c - s - c c  i - f  f o rt .  t h c n

calcula t  i sq 13’~ cub in i tl o  , or error  host s-dc ; for tine - c r y p m - o x i n - . m t  Sen of B1 by

As 1t
’
~ is not a c o n t i nu o u s  f u n c t i o n  of it in  gen ;ccr al  , i t  would be expect cd t i c  it .

anal y t i c  j ) e r tAmnba t i o>r  metho ds  apply oniy t m t ; s - e r  rc- t t i i  CtS ye CO 1)dii l ion s , as eve n for

II trA~ ci ri-titra n i I y s- n rc-ill , one- of the al c - c - b r r n i c c  c-at  as t rophec ;  t h a t  t ine  r a n r ~c of Is i s

greater  or icr-s  t i t a n  t ) z -  r crr nk of A cou ld  occur,  l-~ost a;>i)) .i cat Sort s of as-eü y L ic pc- i -

turiat: ionr t hc-oi- y 1:0 the above 1)101>] c::c-; ~I 1 c -  cci r r r ie-d out  t n n tdc - i- as-sut s -pt -  i car s  t h at  c-t i c nrc

rank ( i i )  -~ rank (I t ) , or t h at  t i n e  change  in  i-ask ~ $ k n i ~ wir 173 , j ’c .  3 3 3 — 3 ~--1 ) . Al qci.- rc n i c
per t i rrI- t ru t Son r t - c t ! i c idc ;  , on the O t i c (  i han d , c i �( -  ncr !  n r c - c e n t s - i  r -i ly su inj  ect to ti is  I; i mid of

l imit  at  cii. For- nc1n }~ (tn -ne mtnodi f S .c -at ioi is -  ~mf It , C .  1). ?- d -y c -r  , Jr .  ( 19;  23 , pp 35 1—

352) has  obtained I c - i c - c - t i  in s of I i ce  I ype -

(6. 40) ( It 4 u >< v)~ 1t
’
~ 4 G

for al l  six J-us c ; u I  c cases , where C depends on Ic~ and tine d a t a .  ~:~ i-e qc-n cn al

f i n i t e— r a n i ;  mnodi f i c :c n t ions -  (5.  4 2 )  of A can the-ri be h a n d l e d  by t ir e  r t c . t  hod of s-uc c -  - - n —

sive rank c-c-n e m o di f i c a t i o n s  -e ir c -spo ndiny  to (5. 5 1)— (5.  52) . This  ]att en a l go r i  t i r n c u

was or .i~j ; i - cc i t cd  by Crevi l le  (9)  for  the r -cursivc c a l cu l at i on  of t h e  !1ocre--Pcnr-o:;e

genera lS  c-c -d i ur\ ’cr se Of a n - : a tr ix . Formula  ( 6 . 4 0 )  reduces  to (5 .  28) in  t i r e  special

case t i t ;n t  it is i nt ’er t iblc-, as for any ge ner a l i z e d  h ive -n rc  of A , Is ’s A 1 for

all A c 3 . This- suggest s-  t h e  cc i rnpu t . -t t  -ic)cs] . s t r a t  egy of u si ng  a c-ce! lc- c~ for  cre n er—

alizc-d inversion on an operator s-~imic )r is s-u spectcd of b c i n y  s - i n m g u l a r  or ne ar l y  s i n q u —

lcn . i f  the operator or the pc ’rturbad operator ac t u al l y in rvo)~~ed i t t  t ic-  c -a ) c u la t  ion

it ;  f lOSs-)  sqular , then t ) u i  s- t c -c imn qu c~ wi l l  y i e l d  i ts-  inve rt-ce , whereas a s-t i at  q ht f o t ~ca rd

inversion m e t h o d  n:m i cj in t  fa i l .

Another app roach to ill-- ;.osed prob lems is to nj ’pr ox irnat e them )—‘y a pc-i-tur l-- c’d

probl em which  is well conditioned . Fin c-x.implc is tine t echni que of ~-e~’u)aricat r i - a ,

ciu~ to  /t . N. Tih or r ov (39 , 40) , which  has ci or-a conmnee tci ens- w i t h  t im e -  sub ject  of gen e-i--

a) ized i mci - t i  s-cc - . ( 2 2 )  . If  the o)xnr-citor it in (1 .1) ct-s -c-s not have a l n o ; r n r - i c -~1 j ur v e r s e ,

t i u c u u  t ine  s-ir a) I en t j ’er turb a t i c-ni tty iii the  data  cc ii t.ciu !;e an enormou s change  A~ i n
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-th e solution of time pc -i ttmrbej problc’m ( 2 . 3 )  as connnpaicd to t he  so) tnt ion of tire r e f - n  -

circe prolml cnn . it typ ic -a l  s-i t  inaf ion in win ic -h  pi obl curs of t i>S type a ri s-c iii cup ) i cci—

tions is t hc mt X a r id V are h u b e r t  c _ I _ _ ices , arid it K is a compa ct o~ er at : o r .  Tis-

prototype of time - resulting equation

(6.4 1) K~ y , K cK
is the linear Fredholnni iirtegral equation of t ime fir s t A-lad

( 6 . 4 2 )  - j
l K ( s , t ix ( t ) d t  = y ( s ) ,  0 < s ~ I.

As pert.unbat.io~s in ( 6 . 4 2 )  in ac tua l  p r act i ce  are inevi tab l e , due to  e r ro r s  of nc-as-

urement , d i s c i ct i z at i o n , and c on i p u t a t i on m , d i r e c t  nu m e r i c a l  s o l ut io n  of (~ - . - 2 )  by

standard techni ques that  work wel l  for  the in t egra l  equa t ion  (4.5) of sc-conch >- i s - c t  i t t

rarel y successful . Tire same observation c-may be made for (6. 41) as compared t o

(6 . 4 3 )  Cal — K) x  = y 
-

for ci ~ 0. In or der to f i n d  an acceptable approximate so lut ion  of t ime p e r t t n m l . cc-d

version of (6.4)), the method of rt- cg u ] ;n r i z at i o n  c on s i s t s  of f i n d i n g  an elemen t

w (ci) c X which n t smnimi : : ( - t ;  the f u n c t i o n a l  -

2 2 2( 6 . 4 4)  f (s-.’;a) 
~ 

lZs-’ — z i l  + a

Thus , ( 6 . 4 4 )  represent s a t r a d e — o f f  i :-c-twc-cn the f i d e l i ty  w i t h  s-:]ricii t he  j -c - r - t t t r  h- -d

equa t ion  Kw = z is s-cit 5 usf i -c! , and thc- s- in c  of the not -nt  of the  c o rr e s p o nd i n g  - c r - l u - -

tioni . The par en-et er  ci (or sonrce t ircie s Ci
2

) in (6 . 4 4 )  is cafled the r cgu lar .i c - o t  ~c - r r

p a~-imc ’ter - The c r u c i a l  pioblciin i n  t h i n  f i e l d  is  (h e  det e r n n i n t n t  ion of t ine opt f m n J

r e g u l a r i c - at i o c i  par ;nnclcr , for ss’i ;ich tb’: v a lu e  of f (w ;a )  is m i n i m u m , or at least  a

inuethod for o bt a i n i n g  good appr ox imat ions -  to the opt imal  value . it si g n i f i c a n t  r -ecern t

advance in th i s  ar( -a is time app l iec t i i ’ :A by Grace i- a)iba [41) of the method of sceicj h t ec

c r o s s — v a l i d a t i o n  to tire care t h a t  t ire i - c - r t > ~n ; 1 c a t i O n 1  is due- to d i sc re -t iza t ion  of tlrc

data wi th  random errors of the type- knr owr i as- “wir i t e  noise ” .

7. The e ic i en va i u e - ei c - -nvc- ct or  j robl ~- : i .  As s tated in §lc , this  prob l c-rr is to fi n d

elgeniwnlucs A and ri9 imt ei yccn t ’ectors x ~ 0 sat isf y ing (1.9), where A c L ( X ,X ) ,

X a Hu bert space . It follows that one is interested in the values of A for which

the ]incar opera tor 
- 

-

( 7.1)  T(X)  = it — Al

is singular , and one may alsb scant to f ind the l e f t  t—iqons ’ectoi-s y ~! 0 of A

corresponding to the eigenvalue A which sa t i sfy  the homogeneous equation

(7.2)  
- 

y(A — Al) = 0 . 
-

The additi6na ]. as-summnpt:ion wi ll he incude that the values of A considered are re-

stric ted to those for which T(X) hias a FrecTholm theory. This condition &mes riot

exclude any A in the fini t e-dlrrc n sionmal algebr a ic case; however , for Fi edho)mts inte-

gral operators- of thc first kind or compact operators in general, it is customary
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to foi-mu l ate (hue ci geniva] smc — e i  c -un v c - c t or  probl em i n  I u - -i’-m~ of t in e  zcci ; ’ r oca l  ci q -nn \ ’ a l  ts--

I /A , as the ol-er a tor

(7.3) s(p )  I — i lK , K ~~ 
-

wil l  h as-c- a Fredhol urn theory for ;i] I ~;ca I ars 3! C A by ‘Ilmeor em 5. 3. Tin is is cqtn I

lent, to  e x cl u d i ng  A = 0 f r oc~ (-oas- m d e l c i t j c - n m  in (~7 . 1) i f  it is compact.

In n order  to contemp i at t - the ii ~p i I cat ic -c m 0 .  an~i I yt  i c re) t - t u i  bat i e m  r ’ t  e~ c; t ’  (I -

cigcilva I m n - — e -  I qc-nvect or  p~ o1~1 Cc-n , i t  is est c - n t l. i~~l t o  d e t & -  n n i l  is- cc-mid i t t  ens unde r  \S i c - l i

t iu i s- proi.) -nd icr “~-l 1 i-s- c-cl , as t im e  vi - - n~ u t  a T ( A )  s i  I I he s-i n u ~; t n l  ar i f A is ~m n  ci c--

value .  (inc way to  d o  t h u S  is to c-i -~t \ - - rt  n- ~~m c .  ~ ion ( 1 . 9)  ar id t ime r i o t -n -c a l  i ~:at j our c~~- c h i— 
-

tic-n (1 - 10) i~ nt o tire nrici 1 1 nr c - a r  r-y t -m - --

(itx - Ax

( 7 . 4)  P ( q )  
- 

- 0

~~~ 1 1 .
‘ - I

in the  prodtnc -t  r i - ce Q X X A c-f v t c ~~ = (x ,X) , x c X , A c A .

tha t = 
1 ’~~]~ 

in a s-ol m r t i i ’ :  ~- f  (7~~4 )  ; h i n t  i s , A 1 i n- an e i c j e n v a l t c c  of it

and x
1 

is a cor -c -p -:r~~ n mg t I ( ~ t - i id  ~- i  ‘; c ; . Y - (  t o  - T~ m c - ~ i , t i n ( -  imp l ici t  f u n c t i on

theorc -ucm 10) ~ eru i r a ri - c ~ c - c - r ; t  S c-s - - c - c  1 , : c : - n t ~~ - -  c - s i  ut. i e n r  of (7 . -I )  on (he  c~;ct  a i -

t ir e l i t - c a r  c-p c- rat er  p ’ (~~~) l ( i c ç~) s-~~~t~~~~r ’ c .  - ~c-~ i .vc - c c - c- , s:i c - r - r -  P’ ( a)  is t he- 1~~CCJ c c

dc-ri t — r I ~‘e ( it — 
~ _ )  — ,-; >

( 7 .5)  P’ (q)
\_ - <c  0

- 
of the- opera tor  l~ at q 130 , pp. 97— 100) . The- f o r m u lat i o n  (7 . 4)  , whi l  c- not t Ice

*most genera l  [ I )  , has t i n e -  ad v a n ta g e  tha t-~~~f it is t i c - n c - I  f l a i r  (It  - it ( 3~~, pp. 3 2 4 —

3 2 7 ) )  , the -nm so is I’’ (q) - The fol lo-cinq (inc-ore-n gives  ar m e x p l i c i t  ~~ n~ c] tt ic-tm of tic -

inverse operator [P’  (q
1

) ]~~ in t - lm i  c; c-as-c- i f  Lire d ef c - c t  of T ( A )  i s  equal t o  c -n rc ,

that is , if a l l  so lu t ions  x of the homogeneous e q u a t i o n  T ( A
1

)x  0 ar E- s ca la r

mult ip les  of time n o r n E m l i z e d  ei yenvc -ctc - r  x
1

, m a k i ng  use of t ine fac t  that  the r i gh t

and le f t  ei gens’cctors of an f l e nc r i t i cmrn  operator  can be id e n t i f i e d. 
-

Theorem 7.] . . If  A is Herr -titian , q
1 

= (x 1, A1
) ’1’ satisfies (7.4), and the

defect. of T (X
1

) is equal to one , tine-u
~~~

. 
() 3 1 

- x
1 
>< X

1 —x
1 
>

(7.6) ~P ’ (q
1

) )  =

- 
\ -  — < x 1_ ~~~0

where
(7. 7) 

- 

. 11—1 
(71 - X)~I - ><

is the J3urw it:z pceudoir-u ver se of it — A 11.
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Proof ; It. f o l l u w n ;  by d i r e c t  c-al curl  a l i e n  crud t in e  use of (6 .  36) ari d (6.  30) is-m t

(7 .8)  ~“ ~q1~ (i t

_I 

~ :: ~ ~ >) 
~~~~~ 

:: ~ ~~~~

i >) ~ (q
1

)

0 1

the i d e n t i t y  operator in Q x x A . QEl)

By tire use of Timeore nn 6 . 2 , formu l  a (7 6) c-an be ext c-n , c led  icn ns--~i i  m t  el y to t i c  nmo n -

)ier mi t ia n  case y
1

T ( A
1

) T ( A
1

)x
1 

= 0 , provided t i c .- d e fec t of T ( X
1

) re t -t ai nts e-~c-j a I

to one Ii , ~3) - Under ( i n c - s - c c  c i r cums tances , r e -n - s r I  t c ; arc- ctvrm i l csble by t he  n-cc-their of

anal yt- Ic per t anrha t i onr  theory ~; in S  I ar t o  those  for nmonsin ’;ul a r i i  nr ea r  cqua t ions  ( L I )

U ,  h;) .

For the f in S  te ~d i nc-irs ioni ,i 1 cane , pc ~ tu ri-s-u t  i on ins thcnds cued en n c -  r a nra ly s i n -  fo r

the a l ge br a i c  ei gc -nr v a]u e  problem icmns ’c - be- c -n i  p res en ted in  gin -a t  d e t a i l  m r  ( i ce  c-o:.~- t c - —

hc-n s-ive w o n k  by 3. H .  1- i l k i n m n - o n  [4- 1 , pp. 62-- ] 88) . Just  c-nrc of t i mes - c  r e t - - a l  ( . t ;  w i l l  );t -

cited ic -re , which f i t s  in to  t ine  f r a m es -mo nk of iu i q c - i - t ci i c pc- i t  u ’ bat . ion ( h r - c - m y .  S s - . -:

that w i s a u n i t  vect o r , and p (w , 3 1) 
T is cuni apmroc- : I rca ( e no] Ut i c - n m of (7 . -1) , so

that

(7 .9)  (it — )1 T)w = r

with rc-niclenal vector r . From cgua t i c -nr  (5. 30) , it folios- -s t h a t
*

( 7 .10 )  (A — r >< w — 3i1 )w 0

so that  w is an exact eicje-nvcctor  of the por t tmn ixcd  op c -r c t o r
*(7 ) l )  B -r — ><

corr csjxrndin-r g t o  (icc- ei gcnv a luc  ii [44 , pp. 170—171).  Tire pe r tumis - -d oj - cr  ~ tc-i B in

simply  a r ank one modification of tire reference- operat:or It -

Another  app) icat i .on  of algebraic ~ c- r tu mr b a t i e -n  t inc -oL y  to  the ci ri -n is-a l u e — c i g en i —

vector problem incus be-err given by W. Ste-niger (37) to  find ine~ smciu it ics between e-i~ cn—

values of perturbed and re fe rence  int e-gral  operators . -

8. Lhiea yroqr -cic--cn m i n q .  The solution of l i nm ear  ~mrog ra r tlm in 1q pm-chI c-s-:- as foi mu lat ed

in ~1d is one of the p r im a r y  tools for decision making  in government  arid co~icme rcc at

the present time (8) . The nun~~er of var iables  involved is t y p i cal l y  large , and a lot

of computer time is expended for this purpose. Tir u r s , arm applicatic-ir of pei-turbatiorr

theory which would increase ef f i c i e n c y  cotild i-er-silt in substant ia l  savings. Once

again , the fact that the solutions- do not depend cc.nt inu ons-]y on tire data in general

limits the appl i cabi lity  of analyt ic per -ttrrha t ion techni ques. A necessary and

—29 -

~~~~~~~~
—‘ _ ~~~.~~~ wr-ae- - a- I..-a4- - .*- -.. *~~~ — - —  ________________ - -



sum !! IC i c - n i t  coin -i  i t i n m (c i  coun t  i u n u n o a c ;  dt - pc-nidt -nu r c  of t he so) ut  ion of t ine pr S ncal ~ nd dua l

• 
- l i ne a r  J - r o - ; n  u cs - m i im ~ 1u i ~~! 1~ c- . i nn a n~~- i n ; ~nho n I s - - o - l  of n o lv ;nh Ie  i-e fe i - u- nu c c pn o t i l c c - t s  i ran ;  i , c - e - n ;

g iv enu i ( - ( - ( - n i t  I y by S . M. - -b i n -ecm 1-i )  . ~ ( t n d j  en ;  of wh a t is ca l l ed J \i n~~nr:c-tri c pr - c—

qJac ’ :- : i  i ;  q i ss-- c c -n t i  t u i - n c -  u n t i e  n s - l n i c i m  ti .o n - e l  ut  j our  of tire r e f e re n ce  pi -cirl i-Id rena ir i s

un n cic c n c t~ d u n H -  i 1 - c t  c i t i - i  i t - n m  of t h -  data (6 , l i p. 1 - 14 — 1 5 4 ) .  On t ime subject  of ci n o r

(-s- t t e n t  ion , I .  U - . ] ’ , 1 - ~~5) ~~~~~
- - - . t i i i - . u m t  ed a rcc - t i m od  for error  an ra l y r i n -  and c o n t r o l  m r

the  n - o i u r t  r c  ( if  I i t ; . -  i n  ~ - n . - q z . - I . c i n c  ;~~~ b) -: - .

A l t  m i r e  5 h t c ~~~- c -  ~~c t i . - (b j~- ( t j s s - - l i m i t  j e l l  (1. 14) are riot usually difficult to

dc -m ’ l u s c t !c , j - - n t u n i . .t i c-in n iii t~ - - n- . t r c , i n ; t c  O . ) ~~) ,  ~e; would  result , for -x amp lc , by

the u n i t  i -  I s - c c  (~f .i t i  w t . -  i ; :~~~ -~;y i l l  . i n i  i n n d u n r t  r y ,  •-ry  i-ec~u) . i e the  conrp lc -t . e i c —

St an ( i t -  of • - - - ( i l  i t i  tO n I -  I nod n -~~d - Cc-i eqsm enr t  I y , t i n e -  fo l lowing  pm-oh) em may be of

j i r  i t  i c - c l  t nt - .rc -~~t - 
-

I- i c  ~- Ic  ncc R 1  . ( iven l i i i - n : ( . l c i t  i snm x of (1 I 4 ) — ( l . 15) and tice a sso c iat e d  in r f o --

fl c : c t i ( - : c , ~. c ’ c - in as t i e  c - i n c - i c e  e! ~• i s o t n ; i i i  t ii s - .i n c p ) c-x ~n 1gor -ithm ( 4 5 ) ,  f i nd  ccn l efficient

r c - ti~~~t I c -n  ‘ e l V j n v ;  
—

( 0 1 )  J n i I n i , c c i r c ’  1 (w) < cl , s- ’ > + 11

n - c;~ jc-ct to

(8.:’) B w < z , w > 0 , 
-

‘~l n c  i i. - i l l - c i t  urn n~~t i c c i -  - i n  t i c  n c  f -n - erm c e da t  a ar e- of f i n i t e  ran); wh ich is n -mai l  corn—

pci r ci t o  ti~~- si ccc-  of ( i s - -  i - e l i  t i  - n r c - c -  pm oh) cnn.

9. t~c i c l~~~t i c s - t  
- 

p it -c  l(~~ci I t )  thoutji n ( h i s -  survey i nc u s  b e -cur con cerured m a i n l y  wi t h  1 ine~~m

J.r(.bl -t: ; c ; , I t should h ) (  ccc . n t  ionc- cl th at  p e r t u r b a t i o n  methods are wide ly  zipp l icc] to the

so) u~t ion o 1 nioni I y t i - a s -  operator  cquat ic-irs

( 9 .] )  P (x )  -
~ 0

whE re P maps X into Y • and also f i x e d  p o i nf  prob l c-ms in  X of tire form

(9 2) H ( x )  . 
-

( I t  is ev iden t  that  (9 2) is a r j - r c ia l  case of ( 9 . 1)  conversel y,  t ime -re are many ways

to convert (9.1) into an equivale -irt fixed point prob lem.)

These j r obicm~n are wel l—posed  in the ne ig hborhoo d of a solutioni if , for ex-

ample , H is conitinunoun; and cointractive 130, Cirapter 2), or , more restrictivel y ,  if

P is cii f f eren r t iable and

(9.3) = [1~’(x
0fl 1 c L (Y , X ) .

Depending on the- sni-coolhuness of P , in this case one c~in base anal ytic perturhzction

t echniques  on the impl ici t  func t ion  theoi-cn-c [10) • New ton ’s method arid its var i a n t s ,

Tay lor series expansions , inversion of power se ries , and so on [30, Ci m a~’ter 4).

These methods at-c all e s s e n t i a lly  der ived fr-cm tire corresponding ide-ac of el emen tary

scal, ,r ca l c- n] us .  -
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Rccvirtly, h’. J~}nc1,nbo 1 ~1L has ~ I s~-n gencu .ci ii  s-at  i o n s -  of tine condi t ic - in n i t: - - -i s- (5 . 8)

iund (5 .9)  for non ] incas  c-per - a to m s for w h i c h  (9 .  3) h o ]  ds , an d a c-c n n  e - e’nmni j u t ’ )  iJ l i e u

al iz.- rti onr of the p c -n t s n i b a t ionm for  n ;cnl a  ( 5. 13) for er r -or c - s t i u n a t ion

Alcjebn-a ic p er t  sirbat j ou r  nnccth od s fom - nc -mi ) S im e :n r o~ - - n . n  (o r equn ~n t j e t , -  ~r c- 1. -s n- s,~c~i ~
in v e s t iga t ed .  A r m c - n l  inc-ar  01-c- r cmtor  F w i t h  r ange  i c e l o n n ij i u c - ~ t o  t i ne  I i n t i t  c ~d i  n - - n -  - i o n m a ~
space

(9.4) span {y
1

, y
2

, . . - , y)

will be of tine for m

(9.5) F ( )  = y .  > f ( )
j~ 1

where f
1 

( •  ) , f ( •  ) , . . . , f ( •  ) are (generally iron] i nc -a r )  f u n i m c t i o n a l t  c - n m X . Tine- ~-c-~~—

turn-bed operator equation 
-

( 9 . 6)  Q (x )  0 , 

-

where 9 P — F , i.s equrivalent to the e qu a t i o n

(9~~7) P ( x )  — ~ ~~.y , 
-

where 3-

(9.8)  - 
~~~. = f . ( x )  • j  1, 2 g . .  . , n -

Suppose , and th i n ; i s  th te  bi g a~ c~; cc -- :p t ion , t hat  the- equ.nt i o n  1’ (x )  y is iai s z ~~’lc fec

y C ‘r’ , tha t  i s , an opc r oto r  C is known n- -hi c- in g S ~‘cs

(9 . 9) x

if P ( x ) =  y i~ of the for -r u (0 7 ) .  Th e- rn , app ly iurg  f
J

I f
2

S • • • S f i nn t u r n  to ( 0 . 9 )

yields tine n o n l i n e a r  system

(9.10) = ~~~~~~~~~~~~~ ~‘Sr ~ 
i = 1, 2 , . . .  , n ,

when -c hr = f C , hr f C , . . .  , h [ C , which  is ci f i n i t c — d i r c r r m n i c : n a l  f i c c c - d — ~~c in t
1 1 2 2 n n

prob) cm in A’~ of time form ( 9 . 2 )  . On the ba s i s  of the ed;~ i t  i c - n .j  i r s - u  -- ; .f f c - n  t h a t

(9.10) i n .  solvable , tire su bst i t u t i o n  of it s  s-olut louis  C1, C2 , - . - , 
~ 

tht 0 ( 9 . 9 )  pro—

vides a sc-I snt ion x of tire nonlinear operator c-quat. ion ( 9 .6)  . /ts air ~ x~ :.p ) e of tin

approach , the - I!a c-amnej- stc-in integra l equation with ice-m el (5.31)

(9 .11)  x( s)  — } Z(s ,t)l~(t ,x(tfldt — 0

- 0
is a rank onr e modification of the smonl inear Voi tci-ra integr a l  equat ion

(9.12) x(s) — J ’  L(s , t ) 4 m ( t , x ( t ) ) d t  = 0
0

with kernel (5.  33) . Thu s , if one can solve

(9.13) ‘ 
, x(s )  — r L(s , t )4’ (t , x ( t ) ) d t  eu (s)

where 0 - -

(9.14) v ( t ) t u ( t , x ( t ) ) d t
0 

- - _ _  

_ _ _ _ _ _ _ _ _



fcnr x ( s )  cj ( . ; ; f )  , ( ) n ,~ n f it- c c , (9 .14), -(1,0 sy n c t elt i (9 .  10) i n ;  ( c ( f l h i V i ] c - i n t ,  to t i n e -  n c . n ] u i

f i ~t-d poin t  pi’obl cm

( 9 . 1 5 )  h n ( C )  ~‘( t ) ~ - ( t  ,q ( t  ; - ‘ )  ) d t  -

0
t:bi 1 c-hr i s  one nc-ni  i n rc -a r  ( -q u n a t  i c - n c  in  c-no nnud ; imou-: r n I 3~ , !~ 5)

7t1th onn ~jh qu n i t e  ci b i t  is- kn io~sin • n b c c c n t  n n o n i ] i r r c ’ a r  s y n :t  c- - -~ (9 .  ]O)  i n n  I 1 ic ~~~e - — d i c - c n n —

s i o n n a l  s.paces [2 8 ) ,  t i m e  theory  cinch p m - ac t  i ce  of ( h i - i n  e u l i n t  ion i - c  Iii f t ~~~ ( i t t -  h i i . ; ~~~

developc-i I - c - b : n n e ] o c ~y nv ~i i  l a b l e  Ic-n m - f i u r i t e  I i  u c - cn r  n y c - t e n - (5 .  ‘- i ) . Thc- ie  i c c  ~i I  c - c  I l i e

(~V - i ’ — ) ’ l  c s - c - c i t  1-c ig c i c - r t c : :c~ ct i c - u n .  Ev e -n i  t h c c u q ir ( ‘‘ .9)  i n ;  i n - I  c ’P _ c i i i t c t - ~~c -  • : - j - i  ~~- - - - :  t l y , I t n

f o n n n c  of t h n c -  pr -ol -nl cn ( 9 . 7 )  n:ct ~p ; t - n - t c ;  j t t - i at i o n : 5e- l\ - e- ( 9 . 7 )  fo n  q i v - c r  ~~~0) ~~( O )

~ (0)  
m ulccct  i i  u n t o  l i n t  o (9 .  10) to oht a i n n  - - -

(v .16)  
- - 

h . ( L ~
°
~ ,

~~~0)
, ~~~~~~~~~~~ i 1 , 2 , . . .  , n r

and so onr.  h r  the  c c r s - : tha t :  ( 0 . 6 )  i n —  a b . c t c I ~c i y — v c . 1 u - - i ’ c c - ~e1 , c I ce  •i n ; c - c : ~ 1: - a n -  i i n l c ~
( ‘u r t i a l  e c p i c i t i n n , t h i s  i s  c ; - n I I e d  “ s-hoa t i n q ” [ 3 3 , Chccnp ~~- i 2 , a l — u  ~6 ) )  - Of c - n c  c cc- , t e s t

~ t en- a l :  i c - i n  n a y  irot cc-ny c- i qe , a imd n ; c c : :c: -  ot h i s - i  i n i r t  hoi fo r  ncc ’ i v i i  (9 .6) n ; a y  1:c n. - n  C .~~ -~ ‘ c c - :  - 
-
- -

Tin s sec -t ie -j r  w i f l  a l co  cönc l t t dc -  w i t h  cnn .i t c J - o t  t a c i t  l c t ( i c ) C i ) , c c - - n: t c - h ;  - n e  ~-:c n 1;

Ir ( - ’- cic; t o  hr done.
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